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Abstract

10 In this work, we study the criteria of oscillatory solutions to impulsive parabolic

11 boundary value problem with delay. First, we consider two types of boundary condition

12 which resolve in oscillatory solutions in the impulsive problem with delay, then we

13 further reduce the oscillation criteria for the problem.
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16 1. Introduction

17 In 1991, Erbe et al. [1] first studied impulsive parabolic equations in ap-

18 plication models. Later in 1994 Bainov et al. [2], extended the impulsive study

19 in hyperbolic partial differential equations for periodic boundary value prob-
20 lem. Fu and Liu [3] then further studied oscillation criteria for impulsive hy-

21 perbolic problems in 1997. In this work, we study oscillation criteria for

22 impulsive parabolic problem with delay which was not previously studied.
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23 2. Preliminaries

24 Consider the following impulsive parabolic system with delay

ut ¼ aðtÞDuþ bðtÞDuðt � q; xÞ � pðt; xÞf ðuðt � r; xÞÞ; t 6¼ tk;

uðtþk ; xÞ � uðt�k ; xÞ ¼ Iðt; x; uÞ; t ¼ tk; k ¼ 1; 2; . . . ;
ð2:1Þ

26 where

27 1. D is the Laplacian in Rn; u ¼ uðt; xÞ for ðt; xÞ 2 G ¼ Rþ � X, where X is a

28 bounded domain in Rn with a smooth boundary oX and Rþ ¼ ½0;þ1Þ,
29 2. 0 < t1 < t2 < � � � < tk < � � �, where limk!1 tk ¼ þ1,

30 3. aðtÞ, bðtÞ 2 PC½Rþ;Rþ, pðt; xÞ 2 PC½Rþ � X;Rþ, and PC is the class of

31 piecewise continuous functions in t with discontinuities of first kind only
32 at t ¼ tk, k ¼ 1; 2; . . . and left continuous at t ¼ tk and X is the closure of

33 X; Also, we have f ðuÞ 2 C½R;R,
34 4. both q and r are positive constants, and

35 5. I : Rþ � X � R 7!R.

36 We shall consider two kinds of boundary condition in this study:

ou
oN

þ hðxÞu ¼ gðt; xÞ; ðt; xÞ 2 Rþ � oX; t 6¼ tk ð2:2Þ

38 and

u ¼ uðt; xÞ; ðt; xÞ 2 Rþ � oX; t 6¼ tk; ð2:3Þ

40 where hðxÞ 2 ðoX; ð0;þ1ÞÞ, gðt; xÞ and uðt; xÞ 2 PC½Rþ � oX;R, and N is the

41 unit out normal vector to oX.
42 We know that the solutions uðt; xÞ of problem (2.1) with boundary condition

43 either (2.2) or (2.3) are both piecewise continuous functions with points of

44 discontinuity of first kind at t ¼ tk, k ¼ 1; 2; . . . Following the convention, we

45 shall assume that they are left continuous. That is, at the moments of impulse,

46 the following relations uðt�k ; xÞ ¼ uðtk; xÞ and uðtþk ; xÞ ¼ uðtk; xÞ þ Iðtk; x; uðtk; xÞÞ
47 are satisfied. Next, we recall the definition of oscillatory solutions.

48 Definition 2.1. A nonzero solution uðt; xÞ of boundary value problem (2.1),

49 (2.2) or problem (2.1), (2.3) is said to be nonoscillatory in the domain G, if
50 there exists a number sP 0 such that uðt; xÞ has a constant sign for
51 ðt; xÞ 2 ½s;þ1Þ � X. Otherwise, it is said to be oscillatory.

52 Now, we are ready to develop oscillation criteria.
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53 3. Sufficient conditions for oscillatory solutions

54 Consider the following Robin eigenvalue problem

Duþ ku ¼ 0; x 2 X;

ou
oN

þ hðxÞu ¼ 0; x 2 oX;
ð3:1Þ

56 where k is a constant. Then, we have the following properties which will lead to
57 the oscillation.

58 Lemma 3.1. If hðxÞ 2 CðoX; ð0;þ1ÞÞ, then the Robin eigenvalue problem (3.1)
59 has a minimum positive eigenvalue k0 and the corresponding eigenfunction gðtÞ is
60 positive on X (see Theorem 3.3.22 of [4]).

61 Lemma 3.2. Let hðxÞ 2 CðoX; ð0;þ1ÞÞ and the following assumptions

62 (A1) f ðuÞ is a positive and convex function in Rþ,
63 (A2) for any function u 2 PC½Rþ � X;Rþ and constants ak > 0 such thatR

X Iðtk; x; uðtk; xÞÞdx6 ak
R

X uðtk; xÞdx, k ¼ 1; 2; . . .

65 also hold. If uðt; xÞ is a positive solution of problem (2.1), (2.2) in the domain
66 ½s;þ1Þ � X for some s P 0, then the impulsive differential inequality with delay

U 0ðtÞ þ k0aðtÞUðtÞ þ k0bðtÞUðt � qÞ þ P ðtÞf ðUðt � rÞÞ6RðtÞ; t 6¼ tk;

Uðtþk Þ6 ð1þ akÞUðtkÞ; k ¼ 1; 2; . . .

ð3:2Þ

68 has the eventually positive solution

UðtÞ ¼ 1R
X gðxÞdx

Z
X
uðt; xÞgðxÞdx; ð3:3Þ

70 where

PðtÞ ¼ min
x2X

fpðt; xÞg and

RðtÞ ¼ 1R
X gðxÞdx aðtÞ

Z
oX

gðxÞgðt; xÞdS
�

þ bðtÞ
Z
oX

gðxÞgðt � q; xÞdS
�
;

t 6¼ tk; dS is an area element of oX:

Proof. Let uðt; xÞ be a positive solution of problem (2.1), (2.2) in the domain

73 ½s;þ1Þ � X for some sP 0. For t 6¼ tk, there exists a t� P s such that

74 uðt � q; xÞ > 0, uðt � r; xÞ > 0 for ðt; xÞ 2 ½t�;þ1Þ � X. Multiplying both sides
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75 of (2.1) by the eigenfunction gðxÞ and integrating with respect to x over the

76 domain X, we have

d

dt

Z
X
uðt; xÞgðxÞdx

¼ aðtÞ
Z

X
Duðt; xÞgðxÞdxþ bðtÞ

Z
X

Duðt � q; xÞgðxÞdx

�
Z

X
pðt; xÞf ðuðt � r; xÞÞgðxÞdx; t 6¼ tk; tP t�: ð3:4Þ

78 From (A1) and Jensen�s inequality, it follows thatZ
X
pðt; xÞf ðuðt � r; xÞÞgðxÞdx

P P ðtÞ
Z

X
gðxÞdx � f 1R

X gðxÞdx

Z
X
uðt

�
� r; xÞgðxÞdx

�
; t 6¼ tk; tP s:

ð3:5Þ

80 Using Green�s Theorem and Lemma 3.1, we haveZ
X

Duðt; xÞgðxÞdx ¼
Z
oX

g
ou
oN

�
� u

og
oN

�
dS þ

Z
X
uDgdx

¼
Z
oX
ðgðg � huÞ � uð�hgÞÞdS þ

Z
X
uð�k0gÞdx

¼
Z
oX

ggdS � k0

Z
X
ugdx; t 6¼ tk; tP t� ð3:6Þ

82 and Z
X

Duðt � q; xÞgðxÞdx

¼
Z
oX

gðxÞgðt � q; xÞdS � k0

Z
X
uðt � q; xÞgðxÞdx; t 6¼ tk; tP s:

ð3:7Þ

84 Combining (3.4)–(3.7), we get

d

dt

Z
X
uðt; xÞgðxÞdxþ k0aðtÞ

Z
X
uðt; xÞgðxÞdxþ k0bðtÞ

Z
X
uðt � q; xÞgðxÞdx

þ
Z

X
gðxÞdx � PðtÞ � f 1R

X gðxÞdx

Z
X
uðt

�
� r; xÞgðxÞdx

�

6 aðtÞ
Z
oX

gðxÞgðt; xÞdS þ bðtÞ
Z
oX

gðxÞgðt � q; xÞdS; t 6¼ tk; tP t�:

ð3:8Þ
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86 For t ¼ tk, using (A2) we haveZ
X
ðuðtþk ; xÞ � uðtk; xÞÞgðxÞdx

¼
Z

X
Iðtk; x; uðtk; xÞÞgðxÞdx6 ak

Z
X
uðtk; xÞgðxÞdx; k ¼ 1; 2; . . .

88 That isZ
X
uðtþk ; xÞgðxÞdx6 ð1þ akÞ

Z
X
uðtk; xÞgðxÞdx; k ¼ 1; 2; . . . ð3:9Þ

90 Thus, inequalities (3.8) and (3.9) imply that the function UðtÞ defined by (3.3) is
91 a positive solution of the impulsive differential inequality with delay in (3.2) for

92 tP t�. The proof of Lemma 3.2 is therefore completed. h

93 Theorem 3.3. Assume that conditions (A1) and (A2) hold, and
94 h 2 CðoX; ð0;þ1ÞÞ. If we further assume that

ðA3Þ f ð�uÞ ¼ �f ðuÞ for u 2 ð0;þ1Þ;
Iðtk; x;�uðtk; xÞÞ ¼ �Iðtk; x; uðtk; xÞÞ; k ¼ 1; 2; . . .

96 and the impulsive differential inequality with delay in both problems (3.2) and

U 0ðtÞ þ k0aðtÞUðtÞ þ k0bðtÞUðt � qÞ þ P ðtÞf ðUðt � rÞÞ6 � RðtÞ; t 6¼ tk;

Uðtþk Þ6 ð1þ akÞUðtkÞ; k ¼ 1; 2; . . .

ð3:10Þ

98 have no eventually positive solutions, then each nonzero solution of the problem
99 (2.1), (2.2) is oscillatory in the domain G.

100 Proof. Assuming the contrary is true. Let uðt; xÞ be a nonzero solution of the

101 problem (2.1), (2.2) which has a constant sign in the domain ½s;þ1Þ � X for

102 some s P 0. We first consider the case of uðt; xÞ > 0 for ðt; xÞ 2 ½s;þ1Þ � X.
103 From Lemma 3.2, it follows that the function UðtÞ defined by (3.3) is an

104 eventually positive solution of the inequality (3.2), which contradicts the

105 condition of the theorem. If uðt; xÞ < 0 for ðt; xÞ 2 ½s;þ1Þ � X, then the
106 function

~uuðt; xÞ ¼ �uðt; xÞ; ðt; xÞ 2 ½s;þ1Þ � X

108 is a positive solution of the following impulsive parabolic boundary value

109 problem with delay
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ut ¼ aðtÞDuþ bðtÞDuðt � q; xÞ � pðt; xÞf ðuðt � r; xÞÞ; t 6¼ tk; ðt; xÞ 2 G

ou
oN

þ hðxÞu ¼ �gðt; xÞ; t 6¼ tk; ðt; xÞ 2 Rþ � oX

uðtþk ; xÞ � uðt�k ; xÞ ¼ Iðt; x; uÞ; t ¼ tk; k ¼ 1; 2; . . .

ð3:11Þ

111 and satisfies

d

dt

Z
X

~uuðt; xÞgðxÞdxþ k0aðtÞ
Z

X

~uuðt; xÞgðxÞdxþ k0bðtÞ
Z

X

~uuðt � q; xÞgðxÞdx

þ
Z

X
gðxÞdx � PðtÞ � f 1R

X gðxÞdx

Z
X

~uuðt
�

� r; xÞgðxÞdx
�

6 � ðaðtÞ
Z
oX

gðxÞgðt; xÞdS þ bðtÞ
Z
oX

gðxÞgðt � q; xÞdSÞ; t 6¼ tk; tP s

ð3:12Þ

113 and Z
X

~uuðtþk ; xÞgðxÞdx6 ð1þ akÞ
Z

X

~uuðtk; xÞgðxÞdx; k ¼ 1; 2; . . .

115 Thus it follows that the function

eUU ðtÞ ¼ 1R
X gðxÞdx

Z
X

~uuðt; xÞgðxÞdx

117 is a positive solution of the inequality (3.10) for tP t� P s which also contra-

118 dicts the conditions of the theorem. This completes the proof of Theorem

119 3.3. h

120 Now, if we set g � 0 in the proof of Theorem 3.3, then we can also obtain

121 the following theorem.

122 Theorem 3.4. Assume that conditions (A1)–(A3) hold, and h 2 CðoX; ð0;þ1ÞÞ.
123 If the impulsive differential inequality with delay

U 0ðtÞ þ k0aðtÞUðtÞ þ k0bðtÞUðt � qÞ þ P ðtÞf ðUðt � rÞÞ6 0; t 6¼ tk;

Uðtþk Þ6 ð1þ akÞUðtkÞ; k ¼ 1; 2; . . .

ð3:13Þ

125 has no eventually positive solutions, then each nonzero solution of the system
126 (2.1), satisfying the boundary condition

ou
oN

þ hðxÞu ¼ 0; ðt; xÞ 2 Rþ � oX; t 6¼ tk ð3:14Þ
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128 is oscillatory in the domain G.

129 The following fact shall be used later in the proof of Lemma 3.5. Consider

130 the Dirichlet problem

Duþ ku ¼ 0; x 2 X;

u ¼ 0; x 2 oX;

132 where k¼ constant. It is well known that the smallest eigenvalue k� and the

133 corresponding eigenfunction UðxÞ are positive.

134 Lemma 3.5. Assume that (A1) and (A2) hold. If uðt; xÞ is a positive solution of
135 the problem (2.1), (2.3) in the domain ½s;þ1 � X for some s P 0, then the
136 impulsive differential inequality with delay

V 0ðtÞ þ k�aðtÞV ðtÞ þ k�bðtÞV ðt � qÞ þ pðtÞf ðV ðt � rÞÞ6QðtÞ; t 6¼ tk;

V ðtþk Þ6 ð1þ akÞV ðtkÞ; k ¼ 1; 2; . . .

ð3:15Þ

138 has the eventually positive solution

V ðtÞ ¼ 1R
X UðxÞdx

Z
X
uðt; xÞUðxÞdx; ð3:16Þ

140 where

QðtÞ ¼ � 1R
X UðxÞdx aðtÞ

Z
oX

uðt; xÞ oU
oN

dS
�

þ bðtÞ
Z
oX

uðt � q; xÞ oU
oN

dS
�
;

t 6¼ tk:

Proof. Let uðt; xÞ be a positive solution of the problem (2.1), (2.3) in the domain

143 ½s;þ1 � X for some sP 0. For s 6¼ tk, there exist a t� P s such that
144 uðt � q; xÞ; uðt � r; xÞ > 0 for ðt; xÞ 2 ½t�;þ1Þ � X. Multiplying both sides of

145 (2.1) by the eigenfunction UðxÞ and integrating with respect to x over the do-
146 main X, we get

d

dt

Z
X
uðt; xÞUðxÞdx

¼ aðtÞ
Z

X
Duðt; xÞUðxÞdxþ bðtÞ

Z
X

Duðt � q; xÞUðxÞdx

�
Z

X
pðt; xÞf ðuðt � r; xÞÞUðxÞdx; t 6¼ tk; tP t�: ð3:17Þ

148 From (A1) and Jensen�s inequality, it follows that
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Z
X
pðt; xÞf ðuðt� r; xÞÞUðxÞdx

P PðtÞ
Z

X
UðxÞdx � f 1R

X UðxÞdx

Z
X
uðt

�
� r; xÞUðxÞdx

�
; t 6¼ tk; tP t�:

ð3:18Þ

150 Using Green�s Theorem, we haveZ
X

Duðt; xÞUðxÞdx

¼
Z

X
U

ou
oN

�
� u

oU
oN

�
dS þ

Z
X
uDUðxÞdx ¼

Z
oX

�
� uðt; xÞ oU

oN

�
dS

þ
Z

X
uð�k�UÞdx; t 6¼ tk; tP t�: ð3:19Þ

152 And Z
X

Duðt � q; xÞUðxÞdx

¼ �
Z
oX

uðt � q; xÞ oU
oN

dS � k�
Z

X
uðt � q; xÞUðxÞdx; t 6¼ tk; tP t�:

ð3:20Þ

154 Combining (3.17)–(3.20), we get

d

dt

Z
X
uðt; xÞUðxÞdxþ k�aðtÞ

Z
X
uðt; xÞUðxÞdxþ k�bðtÞ

Z
X
uðt � q; xÞUðxÞdx

þ
Z

X
UðxÞdx � P ðtÞ � f 1R

X UðxÞdx

Z
X
uðt

�
� r; xÞUðxÞdx

�

6 � aðtÞ
Z
oX

uðt; xÞ oU
oN

dS � bðtÞ
Z
oX

uðt � q; xÞ oU
oN

dS; t 6¼ tk; tP t�:

ð3:21Þ

156 For t ¼ tk, using (A2) we haveZ
X
uðtþk ; xÞUðxÞdx6 ð1þ akÞ

Z
X
uðtk; xÞUðxÞdx; k ¼ 1; 2; . . . ð3:22Þ

158 Thus we can see that the function V ðtÞ defined in (3.16) is a positive solution of
159 the impulsive differential inequality with delay (3.15) for tP t�. Thus the proof
160 of Lemma 3.5 is complete. h
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161 Theorem 3.6. Assume that conditions (A1)–(A3) hold. If we assume further that
162 both the impulsive differential inequality with delay (3.15) and the impulsive
163 differential inequality with delay

V 0ðtÞ þ k�aðtÞV ðtÞ þ k�bðtÞV ðt � qÞ þ PðtÞf ðV ðt � rÞÞ6 � QðtÞ; t 6¼ tk;

V ðtþk Þ6 ð1þ akÞV ðtkÞ; k ¼ 1; 2; . . .

ð3:23Þ

165 have no eventually positive solutions, then each nonzero solution of the problem
166 (2.1), (2.3) is oscillatory in the domain G.

167 Since this proof is similar to Theorem 3.3, we omit it. Furthermore, if we set

168 u � 0, then we can have the following theorem.

169 Theorem 3.7. Assume that conditions (A1)–(A3) hold. If the impulsive differ-
170 ential inequality with delay

V 0ðtÞ þ k�aðtÞV ðtÞ þ k�bðtÞV ðt � qÞ þ PðtÞf ðV ðt � rÞÞ6 0; t 6¼ tk;

V ðtþk Þ6 ð1þ akÞV ðtkÞ; k ¼ 1; 2; . . .

ð3:24Þ

172 have no eventually positive solutions, then each nonzero solution of system (2.1)
173 satisfying the boundary condition

u ¼ 0; ðt; xÞ 2 Rt � oX; t 6¼ tk ð3:25Þ

175 is oscillatory in the domain G.

176 4. Further oscillation criteria

177 From the discussion in previous section, it follows that the problem of es-

178 tablishing oscillation criteria for the impulsive parabolic system (2.1) satisfying

179 some boundary condition can be reduced to the investigation of the properties

180 of the solutions of the first order impulsive differential inequalities. In this

181 section, we shall establish some further oscillation criteria for the impulsive

182 parabolic systems.

183 Lemma 4.1. If there exists a constant d > 0 such that

tkþ1 � tk P d; k ¼ 1; 2; . . . ;

185 then there exists a constant r 2 N such that the number of the impulse moments in
186 each of the intervals ½t; t þ q�, t > 0 is not greater than r, where q� ¼ maxfq; rg.
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187 Proof. It is easy to see that in each interval of the form ½t; t þ q�, t > 0, we have

188 at most 1þ ½q�d  impulse moments. Thus we can choose

rP 1þ q�

d

� �
: �

Theorem 4.2. Assume that conditions (A1)–(A3) hold, and h 2 CðoX; ð0;þ1ÞÞ.
191 If we assume further that

192 1. there exists a constant d > 0, such that

tkþ1 � tk P d; k ¼ 1; 2; . . . ;

194 2. there exists a constant a > 0, such that

0 < ak < a; k ¼ 1; 2; . . . ;

196 3.

lim sup
k!þ1

Z tkþq

tk

bðsÞek0
R s

s�q
aðnÞ dn

ds >
1

k0
ð1þ aÞ2r;

198 then each nonzero solution of the problem (2.1), (3.14) is oscillatory in the domain
199 G.

200 Proof. Let uðt; xÞ be a nonzero solution of the problem (2.1), (3.14) which has a

201 constant sign in the domain ½s;þ1 � X for some sP 0. If uðt; xÞ > 0 for

202 ðt; xÞ 2 ½s;þ1 � X, then we can see that the function UðtÞ defined by (3.3) a
203 positive solution of the inequality (3.15) for tP s þ q� and Uðt � qÞ > 0,

204 f ðUðt � rÞÞ > 0 for tP s þ q�. For t 6¼ tk, from (3.15) we get

U 0ðtÞ þ k0aðtÞUðtÞ þ k0bðtÞUðt � qÞ6 0; tP s þ q�: ð4:1Þ

206 Multiply (4.1) by e
k0
R t

T
aðnÞ dn

for t > T P s þ q�, and set

yðtÞ ¼ UðtÞek0
R t

T
aðnÞ dn

; t > T : ð4:2Þ

208 We obtain

y0ðtÞ þ e
k0
R t

T
aðnÞ dnk0bðtÞyðt � qÞe�k0

R t�q

T
aðnÞ dn

6 0; t 6¼ tk; t > T þ q:

ð4:3Þ

210 From (4.2) and (4.3), it follows that yðtÞ is a nonincreasing function. For t ¼ tk,

DyðtkÞ ¼ yðtþk Þ � yðtkÞ ¼ ½Uðtþk Þ � UðtkÞek0
R t

T
aðnÞ dn

6 akUðtkÞek0
R t

T
aðnÞ dn ¼ akyðtkÞ:
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212 Integrate (4.3) from tk to tk þ q and use Lemma 4.1, we have

yðtk þ qÞ � yðtþk Þ �
Xkþr�1
s¼k

asyðtsÞ þ
Z tkþq

tk

k0bðsÞe
k0
R s

s�q
aðnÞ dn

yðs� qÞds6 0:

ð4:4Þ

214 Note that

yðs� qÞP
yðs� qÞ
ð1þ aÞr : ð4:5Þ

216 From (4.4) and (4.5), we have

k0
ð1þ aÞr

Z tkþq

tk

bðsÞek0
R s

s�q
aðnÞ dn

yðs� qÞds

6 yðtþk Þ � yðtk þ qÞ þ
Xkþr�1
s¼k

asyðtsÞ6 ð1þ akÞyðtkÞ þ
Xkþr�1
s¼kþ1

asyðtsÞ

218 and

k0
ð1þ aÞr yðtkÞ

Z tkþq

tk

bðsÞek0
R s

s�q
aðnÞ dn

ds6 ð1þ aÞyðtkÞ þ a
Xkþr�1
s¼kþ1

yðtsÞ: ð4:6Þ

220 But

yðtkþ1Þ6 yðtþk Þ6 ð1þ akÞyðtkÞ6 ð1þ aÞyðtkÞ;
yðtkþ2Þ6 yðtþkþ1Þ6 ð1þ akþ1Þyðtkþ1Þ6 ð1þ aÞyðtkþ1Þ6 ð1þ aÞ2yðtkÞ;
. . .

yðtkþr�1Þ6 � � � 6 ð1þ aÞr�1yðtkÞ:

222 Then

Xkþr�1
s¼kþ1

yðtsÞ6 yðtkÞ
Xr�1
i¼1

ð1þ aÞi ¼ yðtkÞð1þ aÞ ð1þ aÞr�1 � 1

a
: ð4:7Þ

224 From (4.6) and (4.7), it follows that

k0
ð1þ aÞr yðtkÞ

Z tkþq

tk

bðsÞek0
R s

s�q
aðnÞ dn

ds

6 ð1þ aÞyðtkÞ þ ayðtkÞð1þ aÞ ð1þ aÞr�1 � 1

a
¼ yðtkÞð1þ aÞr:

226 That is
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Z tkþq

tk

bðsÞek0
R s

s�q
aðnÞ dn

ds6
1

k0
ð1þ aÞ2r:

228 The last inequality contradicts condition 3 in Theorem 4.2. If uðt; xÞ < 0 for

229 ðt; xÞ 2 ½s;þ1Þ � X, then it is easy to check that �uðt; xÞ is a positive solution
230 of the problem (2.1) and (3.14) for ðt; xÞ 2 ½s;þ1Þ � X. Thus there is con-

231 tradiction, by the analogous arguments, the proof is therefore completed. h

232 It is important to note that the resulting condition involving the coefficient

233 of delayed Laplacian bðtÞ. This result is obtained through the method of Robin
234 eigenfunction. But this result cannot be obtained by the method in [3]. We can

235 prove the following result by the analogous arguments as in the proof of

236 Theorem 4.2.

237 Theorem 4.3. Assume that conditions (A1)–(A3) hold, and h 2 CðoX; ð0;þ1ÞÞ.
238 If we assume further that

239 1. f ðuÞu PA, u 2 ð0;þ1Þ for some constant A > 0,
240 2. there exists a constant d > 0, such that

tkþ1 � tk P d; k ¼ 1; 2; . . . ;

242 3. there exists a constant a > 0, such that

0 < ak < a; k ¼ 1; 2; . . . ;

244 4.

lim sup
k!þ1

Z tkþr

tk

PðsÞek0
R s

s�r
aðnÞ dn

ds >
1

A
ð1þ aÞ2r;

246 then each nonzero solution of the problem (2.1), (3.14) is oscillatory in the domain
247 G.

248 Theorem 4.4. Assume that conditions (A1)–(A3) hold. If we assume further that
249 conditions 1 and 2 in Theorem 4.2 and 3

lim sup
k!þ1

Z tkþq

tk

bðsÞek�
R s

s�q
aðnÞ dn

ds >
1

k� ð1þ aÞ2r

251 also hold, then each nonzero solution of the problem (2.1), (3.25) is oscillatory in
252 the domain G.

253 Theorem 4.5. Assume that conditions (A1)–(A3) hold. If we assume further that
254 conditions 1–3 in Theorem 4.3 and 4
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lim sup
k!þ1

Z tkþr

tk

PðsÞek�
R s

s�r
aðnÞ dn

ds >
1

A
ð1þ aÞ2r

256 also hold, then each nonzero solution of the problem (2.1), (3.25) is oscillatory in
257 the domain G.
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